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Abstract: This chapter offers an accessible introduction to the channel-based
approach to Bayesian probability theory. This framework rests on algebraic and
logical foundations, inspired by the methodologies of programming language
semantics. It offers a uniform, structured and expressive language for describing
Bayesian phenomena in terms of familiar programming concepts, like channel,
predicate transformation and state transformation. The introduction also covers
inference in Bayesian networks, which will be modelled by a suitable calculus of
string diagrams.

9.1 Introduction

In traditional imperative programming one interprets a program as a function that
changes states. Intuitively, the notion of ‘state’ captures the state of affairs in a
computer, as given for instance by the contents of the relevant parts of the computer’s
memory. More abstractly, a program is interpreted as a state transformer. An
alternative, logical perspective is to interpret a program as a predicate transformer.
In that case the program turns one predicate into a new predicate. This works in
opposite direction: the program turns a predicate on the ‘post-state’ into a predicate on
the ‘pre-state’, for instance via the weakest precondition computation. As discovered
in the early days of programming semantics, basic relations exists between state
transformation and predicate transformation, see for instance Dijkstra and Scholten
(1990), Dijkstra (1997), and Proposition 9.11 below.

A similar theory of state and predicate transformation has been developed
for probabilistic programming, see Kozen (1981, 1985). This approach has been
generalised and re-formulated in recent years in categorical terms, typically using
so-called Kleisli categories, in Jacobs (2017), and more generally via the notion of

@ From Foundations of Probabilistic Programming, edited by Gilles Barthe, Joost-Pieter Katoen and Alexandra
Silva published 2020 by Cambridge University Press.
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effectus, in Cho et al. (2015). Category theory provides a fundamental language
for the semantics of programming languages. This is clear in approaches based on
domain theory. For instance, many constructions for types in programming languages
have categorical counterparts, like (co)products, exponentials, and initial algebras
(and final coalgebras) — where these (co)algebras are used for fixed points. These
categorical notions come with universal properties that guide the design (syntax)
and rules of programming languages.

This use of category theory is well-established in functional programming lan-
guages. However, it is less established in probabilistic programming. The description
of some of the basic notions of probability theory in categorical terms goes back to
the early 1980s (see Giry, 1982) and has seen a steady stream of activities since —
see e.g. Jones and Plotkin (1989), Jung and Tix (1998), de Vink and Rutten (1999),
Bartels et al. (2004), Tix et al. (2005), Varacca and Winskel (2006), Keimel (2008),
Keimel and Plotkin (2009), Panangaden (2009), Sokolova (2011), Mislove (2012),
Fong (2012), Culbertson and Sturtz (2014), Scibior et al. (2015), Staton et al. (2016),
Scibior et al. (2018). This categorical perspective is not a goal in itself, but it does
offer a structural, implementation-independent way of thinking which is natural for
systematic programmers.

This chapter offers an introduction to this principled perspective on probability
theory, especially for Bayesian probabilistic programming, based on earlier work of
the authors’ in this direction, see e.g. Jacobs (2011, 2013, 2018b), Jacobs and Zanasi
(2016, 2017,7). Even though it is categorically-driven, our exposition does not
require any categorical prerequisite. The reader interested in an explicitly categorical
description of the framework may consult Jacobs and Zanasi (2016) or Cho and
Jacobs (2019).

The fundamental concept will be called channel: all the basics of Bayesian
probability theory (event, belief revision, Bayesian network, disintegration, . .. ) will
be derived from this single primitive. In analogy with approaches in programming
language semantics, channels are formally definable as arrows of a certain Kleisli
category: depending on the category of choice, the derived notions instantiate to
discrete or to continuous probability theory — and even to quantum probability
too, although the quantum world is out of scope here (but see Jacobs and Zanasi,
2016 and Jacobs, 2018b). This setting does not only provide a completely uniform
mathematical description for a variety of phenomena, but also introduces in Bayesian
reasoning fundamental principles of programming theory, such as compositionality:
channels are composable in a variety of ways, resulting in a structured and modular
theory. Furthermore, we argue that the channel-based perspective improves traditional
approaches. We will study scenarios in which the established language for describing
probabilistic phenomena lacks in flexibility, expressiveness and rigour, while the
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new foundations disclose the underlying logical structure of phenomena, leading to
new insights.

Section 9.2 gives an informal overview of the channel-based view on probability
theory in terms of a number of perspectives. These perspectives are stated
explicitly, in imperative form, imposing how things are — or should be — seen
from a channel-based perspective, in contrast to traditional approaches. These
perspectives will already informally use the notions of ‘state’, ‘predicate’ and
‘channel’.

Section 9.3 commences the formal presentation of the ingredients of the channel-
based framework, illustrating the concepts of state and predicate, as special forms
of channels.

Section 9.4 is devoted to conditioning, a key concept of Bayesian probability.
Sections 9.5 and 9.6 are devoted to channel-based Bayesian inference. First,
Section 9.5 explains the use of channels as predicate and state transformers. Then,
Section 9.6 illustrates this setup to model inference in a Bayesian network, for
the standard ‘student’ example from Koller and Friedman (2009). This section
concludes with a clash of interpretations in an example taken from Barber (2012).
Section 9.7 introduces a graphical calculus for channels — formally justified by
their definition as arrows of a monoidal category. The calculus encompasses and
enhances the diagrammatic language of Bayesian networks. It offers an intuitive,
yet mathematically rigorous, description of basic phenomena of probability,
including conditional independency.

Section 9.8 uses the tools developed in the previous sections to study the
relationship between joint distributions and their representation as Bayesian
networks. First, we use the graphical calculus to give a channel-based account
of disintegration. Second, we prove the equivalence of inference as performed
on joint distributions and as performed in Bayesian networks (Theorem 9.16).
The channel perspective explains the different dynamics at work in the two forms
of inference, justifying our terminology of crossover inference and transformer
inference respectively.

9.2 Perspectives

This section gives a first, informal view of the channel-based approach, through
a series of perspectives. Each of them contains a prescription on how Bayesian
phenomena appear in the channel-based perspective, and motivates how the channel
language improves more traditional descriptions. These perspectives will informally
use the notions of ‘state’, ‘predicate’ and ‘channel’. To begin, we briefly explain
what they are. A more systematic description is given later on.
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e What is usually called a discrete probability distribution, we call a state. This
terminology emphasises the role that distributions play in our programming-
oriented framework: they express knowledge of a certain configuration (a state of
affairs) that may be transformed by program execution (channels).

A state/distribution is represented by a convex combination of elements from a
set. For instance, on a set A = {a, b, ¢} one can have a state 1|a) + 5|b) + &|c).
The ‘ket’ notation | - ) is syntactic sugar: it has no mathematical meaning, but
echoes how states are represented in quantum theory, where our theory may be
also instantiated, see Jacobs and Zanasi (2016).

e A ‘predicate’ on a set A is a function p: A — 0, 1. It assigns a probability
pa € 0,1 to each element a € A. Such predicates are often called ‘fuzzy’. When
pa € {0, 1}, so that either pa = 0 or pa = 1, for each a € A the predicate is
called sharp. A sharp predicate is traditionally called an event, and corresponds
to a subset of A. For such a subset £ C A we write 15: A — 0,1 for the
corresponding characteristic function (or sharp predicate), given by 1ga = 1 if
a € Fand 1ga = 0if a ¢ E. For the special case of a singleton set/event we
write 1, instead of 1,y.

Similarly to the case of states, our terminology draws an analogy with program-
ming language semantics. There is a duality between states and predicates, which
goes beyond the scope of this introduction — so the interested reader is referred
to Jacobs (2017).

e A ‘channel’ A -» B from a set A to another set B is an A-indexed collection
(wa) acA of states w, on the set B. Alternatively, it is a function a — w, that
sends each element a € A to a distribution on B. For A and B finite, yet another
equivalent description is as a stochastic matrix with | A| columns and | B| rows.

Channels are the pivot of our theory: states, predicates, and — as we shall see in
Section 9.6 — also Bayesian networks can be seen as particular cases of a channel.
More specifically, a state w on B can be seen as a channel f: {x} -» B with
source the one-element set {x}, defined by fx = w. A predicate p: A — 0,1 can
be seen as a channel A > {0, 1} that assigns to a € A the state pa|1)+1—pal0).

9.2.1 The state is made explicit

Our first perspective elaborates on the observation that, in traditional probability, it
is custom to leave the probability distribution implicit, for instance in describing
the probability PrE of an event E = {a,c} C A. This is justified because this
distribution, say w = %|a) + £|b) + ¢|c), is typically fixed, so that carrying it
around explicitly, as in Pr,, E, burdens the notation. In contrast, in probabilistic
programming, programs act on distributions (states) and change them with every
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step. Hence in our framework it makes sense to use a richer notation, where
states/distributions have a more prominent role.

First, pursuing a more abstract, logical viewpoint, we introduce notation |= in
place of Pr. For an arbitrary state w on a set A and a predicate p: A — 0,1 on the
same set A, the validity w |= p of p in w is the number in 0, 1 given by:

wlEp = g o pa- 9.1)

When we identify an event (sharp predicate) £ C A with its characteristic function
1p: A — 0,1, wehave w |= 1 = Pr F = % The enhanced notation allows to
distinguish this from the probability of E wrt. an alternative state ¢ = £|b) + 2|c),
written ¢ |= 1 = 3.

Once we start treating states as explicit entities, we can give proper attention to
basic operations on states, like parallel composition &, marginalisation, and convex

combination. These operations will be elaborated below in Section 9.3.

9.2.2 Conditional probability is state update with a predicate

Traditionally, conditional probability is described as PrB | A, capturing the
probability of event B given event A. This notation is unfortunate, certainly in
combination with the notation PrB for the probability of event B. It suggests that
conditioning | is an operation on events, and that the probability Pr- of the resulting
event B | A is computed. This perspective is sometimes called ‘measure-free
conditioning’, see Dubois and Prade (1990). The fact that states are left implicit, see
the previous point 9.2.1, further contributes to the confusion.

In the view advocated here, conditioning is an operation that updates a state w
in the light of evidence in the form of a predicate p. This is well-defined when w
and p have the same underlying set A, and when the validity w |= p is non-zero. We
shall then write w|,, for the state “w given p”, see Section 9.4 for more details. We
emphasise that the validity PrB | A in state w can now be expressed as w|1 , |= 1p.
It is the validity of B in the state where the evidence A is incorporated.

9.2.3 State/predicate transformation are basic operations

The following notation PrX = a often occurs in traditional probability theory. What
does it mean, and what is assumed? On close reading we find that the following data
are involved.

e A set, often called sample space, Q2 with a state/distribution w on it; please note
that w is not an element of Q but a probability distribution over elements of Q;
e A stochastic (or random) variable, X : Q — A, for some set A of outcomes;
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e Anelement a € A with associated event X la={2 € Q| Xz=a} CQ;

e The probability PrX = a is then the validity of the latter event in the state w, that
is,itisw = 1x-14-

A stochast is a special kind of channel (namely a deterministic one). The operation
X ~1a will be described more systematically as ‘predicate transformation’ X < 1,
along the channel X. It turns the (singleton, sharp) predicate 1, on A into a predicate
on Q. In fact, X < 1, can be seen as just function composition Q@ — A — 0, 1.
Since X < 1, is now a predicate on €, the probability PrX = a can be described
more explicitly as validity: w |= X < 1,. More generally, for an event E on A we
would then determine the probability PrX € Fasw = X < E.

One can use the channel X also for ‘state transformation’. In this way one
transforms the state w on Q into a state X > w on A. This operation > is
sometimes (aptly) called pushforward, and X > w is the pushforward distribution.
The probability PrX = a can equivalently be described as validity X > w |= 1,.

In Section 9.5 we elaborate on channels. One of our findings will be that the
probabilities w |= ¢ < p and ¢ > w |= p are always the same — for a channel ¢ from
Ato B, astate w on A, and a predicate p on B.

Moreover, we can profitably combine predicate transformation < and state
transformation >> with conditioning of states from point 9.2.2. As will be elaborated
later on, we can distinguish the following two basic combinations of conditioning
and transformation, with the associated terminology.

notation action terminology
first do predicate evidential reasoning, or
w|c<<q transformation <, explanation, or
then update the state backward inference
first update the state, causal reasoning, or
> (wl p) then do state prediction, or
transformation >, forward inference

9.2.4 Channels are used as probabilistic functions

We have already mentioned the notation ¢: A <> B to describe a channel ¢ from A
to B. Recall that such a channel produces a state ca on B for each element a € A.
It turns out that there is a special way to compose channels: for ¢: A -» B and
d: B -=» C we can form a composite channel d o ¢: A -+ C, understood as “d after
¢”. We can define it via state transformation as d o ca = d >> ca. It is not hard to
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check that o is associative, and that there are identity maps id: A - A, given by
ida = 1|a). They form unit elements for channel composition o.

Abstractly, channels form morphisms in a ‘category’. The concept of a category
generalises the idea of sets and functions between them, to objects and morphisms
between them. These morphisms in a category need not be actual functions, but
they must be composable (and have units). Such morphisms can be used to capture
different forms of computation, like non-deterministic, or probabilistic (via channels).
Here we shall not use categorical machinery, but use the relevant properties in more
concrete form. For instance, composition o of channels interacts appropriately with
state transformation and with predicate transformation, as in:

dec>w=d>c>w and dockKp =c<Kd<p.

In addition to sequential composition o we shall also use parallel composition ® of
channels, with an associated calculus for combinining e and ®.

9.2.5 Predicates are generally fuzzy

In the points above we have used fuzzy predicates, with outcomes in the unit interval
0, 1, instead of the more usual sharp predicates, with outcomes in the two-element
set {0, 1} of Booleans. Why?

e The main technical reason is that fuzzy predicates are closed under probabilistic
predicate transformation <, whereas sharp predicates are not. Thus, if we wish
to do evidential (backward) reasoning w|.«, as described in point 9.2.3, we are
forced to use fuzzy predicates.

e Fuzzy predicates are also closed under another operation, namely scaling: for each
p: A—0,1and s € 0,1 we have a new, scaled predicate s - p: A — 0, 1, given
by s - pa = s - pa. This scaling is less important than predicate transformation,
but still it is a useful operation.

e Fuzzy predicates naturally fit in a probabilistic setting, where uncertainty is a
leading concept. It thus makes sense to use this uncertainty also for evidence.

e Fuzzy predicates are simply more general than sharp predicates. Sharp predicates p
can be recognised logically among all fuzzy predicates via the property p & p = p,
where conjunction & is pointwise multiplication.

The traditional approach in probability theory focuses on sharp predicates, in the
form of events. This is part of the notation, for instance in expressions like PrX € E,
as used earlier in point 9.2.2. It does not make much sense to replace this sharp
E with a fuzzy p when writing PrX € E. That is one more reason why we write
validity via |= and not via Pr. Fuzzy predicates have actually surfaced in more recent
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research in Bayesian probability, see e.g. the concepts of ‘soft’ evidence in Valtorta
et al. (2002) and ‘uncertain’ evidence in Mrad et al. (2015), see also Barber (2012).

Fuzzy predicates have a different algebraic structure than sharp predicates. The
latter form Boolean algebras. Fuzzy predicates however form effect modules (see
e.g. Jacobs, 2013). However, these algebraic/logical structures will not play a role in
the current setting.

We shall later sketch how a fuzzy predicate can be replaced by an additional node
in a Bayesian network, see Remark 9.4.

9.2.6 Marginalisation and weakening are operations

Marginalisation is the operation of turning a joint distribution w on a product
domain X X Y into a distribution on one of the components, say on X . Traditionally
marginalisation is indicated by omitting one of the variables: if wz, y is written for
the joint distribution on X x Y, then wx is its (first) marginal, as a distribution on
X. Itis defined as wr = y wz, y.

We prefer to write marginalisation as an explicit operation, so that Mjw is the
first marginal (on X), and Msw is the second marginal (on Y'). More generally,
marginalisation can be performed on a state o on a domain X; X --- x X, in 2"
many ways.

A seemingly different but closely related operation is weakening of predicates. If
p € 0,1% is a predicate on a domain X, we may want to use it on a larger domain
X XY where we ignore the Y -part. In logic this called weakening; it involves
moving a predicate to a larger context. One could also indicate this via variables,
writing px for the predicate on X, and pz, y for its extension to X x Y, where y
in pa, y is a spurious variable. Instead we write N1p € 0, 1X*Y for this weakened
predicate. It maps z, y to px.

Marginalisation M and weakening I\ are each other’s ‘cousins’. As we shall see,
they can both be expressed via projection maps 71 : X X Y — X, namely as state
transformation Myw = 7y > w and as predicate transformation Wip = m; < p. As
a result, the symbols M and IN can be moved accross validity |=, as in (9.6) below.
In what we call crossover inference later on, the combination of marginalisation and
weakening plays a crucial role.

9.2.7 States and predicates are clearly distinguished

As just argued, marginalisation is an operation on states, whereas weakening acts on
predicates (evidence). In general, certain operations only make sense on states (like
convex sum) and others on predicates. This reflects the fact that states and predicates
form very different algebraic structures: states on a given domain form a convex set
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(see e.g. Jacobs, 2013), whereas, as already mentioned in Section 9.2.5, predicates
on a given domain form an effect module.

Despite the important conceptual differences, states and predicates are easily
confused, also in the literature (see e.g. Example 9.14 below). The general rule of
thumb is that states involve finitely many probabilities that add up to one — unlike
for predicates. We elaborate formally on this distinction in Remark 9.3 below.

On a more conceptual level, one could spell out the difference by saying that
states have an ontological flavour, whereas predicates play an epistemological role.
That means, states describe factual reality, although in probabilistic form, via convex
combinations of combined facts. In contrast, predicates capture just the likelihoods
of individual facts as perceived by an agent. Thus probabilities in predicates do not
need to add up to one, because our perception of reality (contrary to reality itself) is
possibly inconsistent or incomplete.! We shall elaborate more on this perspective at
the end of Example 9.14 below.

9.3 States and predicates

Section 9.2.1 claimed that states (finite probability distributions) and fuzzy predicates
— and their different roles — should be given more prominence in probability theory.
We now elaborate this point in greater detail. We thus retell the same story as in the
beginning, but this time with more mathematical details, and with more examples.

States

A state (probability distribution) over a ‘sample’ set A is a formal weighted
combination 71| aj ) + - - - + 7| an, ), Where the a; are elements of A and the r; are
elements of 0, 1 with ; r; = 1. We shall write D A for the set of states/distributions
on a set A. We will sometimes treat w € DA equivalently as a ‘probability mass’
function w: A — 0,1 with finite support suppw = {a € A | wa # 0} and with
acAwa = 1. More explicitly, the formal convex combination ; r;| a; ) corresponds
to the function w: A — 0,1 with wa; = r; and wa = 0 if a ¢ {ay,...,ay}. Then
suppw = {a1,...,a,}, by construction.

For two states o1 € DA; and 09 € DAs, we can form the joint ‘product’ state
01 ® 09 € DAy x As on the cartesian product A; x As of the underlying sets,
namely as:

01 ® 02a1,02 = 01071 * 0202. 9.2)

1 Within this perspective, it is intriguing to read conditioning of a state by a predicate as adapting the facts
according to the agent’s beliefs. In Philosophy one would say that our notion of conditioning forces an “idealistic”
view of reality; in more mundane terms, it yields the possibility of “alternative facts”.
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For instance, if o1 = £|a) + 2|b) and 03 = §[1) + 3|2) + |3), then their product
is written with ket-notation as:

1 5 1 1 5 1
01 ®O'2 = ﬂ|a,1> + ﬂ|a,2> + ﬁ]a,3> + ﬁ|b71> + ﬁ‘b72> + g|b,3>
Marginalisation works in the opposite direction: it moves a ‘joint’ state on a product
set to one of the components: for a state w € DA; x A, we have first and second
marginalisation M;w € DA; determined as:

Miwar = wat, az Mowas = wat, az. (9.3)
(IQGAZ aaeAl

Here we use explicit operations My and M, for taking the first and second marginal.
The traditional way to write a marginal is to drop a variable: a joint distribution
is written as Prx, y, and its marginals as Prz and Pry, where Prz = , Prx, y and
Pry = ; Prz,y.

The two original states o; and o9 in a product state o7 ® oo can be recovered as
marginals of this product state: M1o1 ® 09 = 01 and Myo ® o9 = 09.

In general a joint state w € DA; x Ay does not equal the product Mjw ®@ Maw
of its marginals, making the whole more than the sum of its parts. When we do have
w = Mjw ® Myw, we call w non-entwined. Otherwise it is called entwined.

Example 9.1 Given sets X = {z,y} and A = {a, b}, one can prove that a state
w=ri|z,a)+ra]z,b)y+rsly,a)+r4y,b) € DX x A,where ri +ro+r3+ry = 1,
is non-entwined if and only if r; - 4 = ro - r3. This fact also holds in the quantum
case, see e.g. Mermin (2007, §1.5).
For instance, the following joint state is entwined:
w = glz,a) + 1|z,0) + 3|y, a) + 1]y, b).
Indeed, w has marginals Myw € DX and Maw € DA, namely:

Miw = %|:U>+g|y> and Mow = %|a>+%|b>.

The original state w differs from the product of its marginals:
MIW & MQW = %|.’L‘,CL> + %|va> + %‘y7a> + %‘yab>

There is one more operation on states that occurs frequently, namely convex sum:
if we have n states w; € DA on the same sets and n probabilities r; € 0,1 with
r; = 1, then 7;w; is a state again.

Predicates

A predicate on a sample space (set) A is a function p: A — 0,1, taking values
in the unit interval 0, 1. We shall use the exponent notation 0, 14 for the set of
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predicates on A. What in probability theory are usually called events (subsets of
A) can be identified with sharp predicates, taking values in the subset of booleans
{0,1} € 0,1. We write 15 € 0, 14 for the sharp predicate associated with the event
E C A, definedby 1ga = 1ifa € F and 1ga = 0if a ¢ E, where we recall that
we simply write 1, for 1;,;. Thus predicates are a more general, ‘fuzzy’ notion
of event, which we prefer to work with for the reasons explained in Section 9.2.5.
We write 1 = 14, 0 = 1 for the truth and falsity predicates. They are the top and
bottom elements in the set of predicates 0, 1, with pointwise order. As special case,
for an element @ € A we write 1, for the ‘singleton’ or ‘point’ predicate on A that
is 1 only on input a € A.

For predicates p,q € 0, 14 and scalar r € 0,1 we define p & ¢ € 0, 14 as
a—pa-qaandr-p € 0,14 as a — 7 - pa. Moreover, there is an orthosupplement
predicate p~ € 0,14 given by p~a = 1 — pa. Then p+ = p. Notice that 15 &
1p =1gnp and 15+ = 1.5, where =E C A is the set-theoretic complement of E.

Definition 9.2 Letw € DA be a state and p € 0, 14 be a predicate, both on the
same set A. We write w |= p for the validity or expected value of p in state w. This
validity is a number in the unit interval 0, 1. We recall its definition from (9.1):

wlkEp = aeAwa-pa. 9.4)

For an event (sharp predicate) E, the probability PrE wrt. a state w is defined
as qepwa. Using the above validity notation (9.4) we write w |= 1 instead. As
special case we have w |= 1, = wz.

Notice that the validity w |= 1 of the truth predicate 1 is 1 in any state w. Similarly,
w |= 0 = 0. Additionally, w Ept =1 —wEpandw zr-p=7-w|=p.

There is also a parallel product @ of predicates, like for states. Given two predicates
p1 € 0,141 and py € 0,142 on sets Ay, Ay we form the product predicate p; ® po
on Ay x Ay via: p1 ® paay, as = pray - peas. It is not hard to see that:

Wi Qwz Ep1®@p2 = (w1 Ep1) - (w2 = p2).

A product p ® 1 or 1 ® p with the truth predicate 1 corresponds to weakening, that
is to moving a predicate p to a bigger set (or context). We also write:

Wip =p®1 and Wop = 1®p 9.5)

for these first and second weakening operations, like in Section 9.2.6. We deliberately
use ‘dual’ notation for marginalisation M and weakening I\ because these operations
are closely related, as expressed by the following equations.

MwlkEp = wiEWip and Mw =g = wl=Wag. (9.6)

As aresult, 01 ® 03 = W1p = o1 |= p and similarly 01 ® o9 |= Weg = 09 |= q.
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Remark 9.3 As already mentioned in Section 9.2.7, conceptually, it is important

to keep states and predicates apart. They play different roles, but mathematically it

is easy to confuse them. States describe a state of affairs, whereas predicates capture

evidence. We explicitly emphasise the differences between a state w € DA and a

predicate p: A — 0,1 in several points.

(i) A state has finite support. Considered as function w: A — 0, 1, there are only
finitely many elements a € A with wa # 0. In contrast, there may be infinitely
many elements a € A with pa # 0. This difference only makes sense when the
underlying set A has infinitely many elements.

(ii) The finite sum ,¢ 4 wa equals 1, since states involve a convex sum. In contrast
there are no requirements about the sum of the probabilities pa € 0,1 for a
predicate p. In fact, such a sum may not exist when A is an infinite set. We thus see
that each state w on A forms a predicate, when considered as a function A — 0, 1.
But a predicate in general does not form a state.

(iii) States and predicates are closed under completely different operations. As we
have seen, for states we have parallel products ®, marginalisation M;, and convex
sum. In contrast, predicates are closed under orthosupplement —, conjunction
&, scalar multiplication s - — and parallel product ® (with weakening as special
case). The algebraic structures of states and of predicates is completely different:
each set of states DA forms a convex set whereas each set of predicates 0, 14 is
an effect module, see e.g. Jacobs (2018b) for more details.

(iv) State transformation (along a channel) happens in a forward direction, whereas
predicate transformation (along a channel) works in a backward direction. These
directions are described with respect the direction of the channel. This will be
elaborated in Section 9.5.

Remark 9.4 One possible reason why fuzzy predicates are not so common in
(Bayesian) probability theory is that they can be mimicked via an extra node in
a Bayesian network, together with a sharp predicate. We sketch how this works.
Assume we have a set X = {a,b,c} and we wish to consider a fuzzy predicate
p: X — 0,1 on X, say with pa = %, pb = % and pc = %. Then we can introduce an
extra node 2 = {¢, f} with a channel h: X - 2 given by:

ha = 2|ty +31f)  hb= i)+ 31f)  he = Yt)+3[f).

The original predicate p on X = {a, b, ¢} can now be reconstructed via predicate
transformation along h as h < 1;, where, recall, 1, is the sharp predicate on 2
whichis 1 attand O at f.

As an aside: we have spelled out the general isomorphism between predicates
on a set A and channels A -+ 2. Conceptually this is pleasant, but in practice we
do not wish to extend our Bayesian network every time a fuzzy predicate pops up.
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What this example also illustrates is that sharpness of predicates is not closed under
predicate transformation.

9.4 Conditioning

Conditioning is one of the most fundamental operations in probability theory. It
is the operation that updates a state in the light of certain evidence. This evidence
is thus incorporated in a new, updated state, that reflects the new insight. For this
reason conditioning is sometime called belief update or belief revision. It forms the
basis of learning, training and inference, see also Section 9.6.

A conditional probability is usually written as PrE | D. It describes the probability
of event F, given event D. In the current context we follow a more general path,
using fuzzy predicates instead of events. Also, we explicitly carry the state around.
From this perspective, the update of a state w with a predicate p, leading to an
updated state w/,, is the fundamental operation. It allows us to retrieve probabilities
PrE | D as special case, as will be shown at the end of this section.

Definition 9.5 Letw € DA be a state and p € 0, 14 be a predicate, both on the
same set A. If the validity w |= p is non-zero, we write w|,, for the conditional state
“w given p”, defined as formal convex sum:

wa - pa

Sy = o ) ©7)

Example 9.6 Let’s take the numbers of a dice as sample space: pips = {1,2,3,4,5,6},
with a fair/uniform dice distribution dice € Dpips.

dice = £|1)+ £|2) + £|3) + £|4) + £|5) + £6).

We consider the predicate evenish € 0, 1PPS expressing that we are fairly certain of
pips being even:

h1 = 1 e — L he o L
evenishl = £ evenishd = 15 evenishd = 15
<ho — 9 hd = 9 hf = 4
evenish2 = 10 evenish4 = 10 evenish6 = 5
We first compute the validity of evenish for our fair dice:
dice |= evenish = , dicex - evenishx
-1 1.1 9 .1 1,1 9,1 1 .14
=65°5%76 10 076 106 10t6 5

6
— 249+149+148 _ 1
- 60 -2
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If we take evenish as evidence, we can update our state and get:
dice|evenish
dicer - evenishm’ >
=,— |z
* dice |= evenish
5[1) + 920)2) + 910 3) 4 BP0|4) 4 Blo|5) 1 52|G)

]
L)+ 312) + 55[3) + 214) + 55(5) + 1£6).

As expected, the probability of the even pips is now higher than the odd ones. The
evidence has been factored into the state.

We collect some basic properties of conditioning.

Lemma 9.7 Letw € DA and p,q € 0,14 be a state with predicates on the same

set A.

(i) Conditioning with truth does nothing: w|1 = w.

(ii) Conditioning with a conjunction amounts to separate conditionings, that is:
wlpkq = (W’p)|q-

(iii) Conditioning with scalar product has no effect, when the scalar is non-zero:
Wlp.p = w|p when r # 0.

(iv) Conditioning with a point predicate yields a point state: w|1, = 1|x), when
wx # 0.
Now let 0; € DA; and p; € 0, 14s,

(V) 01 ® 02|, 00, = T1lp1 @ 02|p,.

(vi) Ml(a ® T‘V\hpl) = U’pl and MQ(U 2 T‘W2p2> = T’p2'

Proof All these properties follow via straightforward computation. We shall do (ii)
and (v).
For (ii) we use:
whf)a = Cbarae _ ok 1
w a = =
pla wlp Faq pw|pb - gb
a0
b %b‘;ﬁ,b ~qb

wa - pa - qa

pwb-pb-qb
wa-p & qa
wkp&kq

= (wlpgeq)a-
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Similarly, for (v) we use:

01 ® 02a1,a2 - p1 @ paai, a2
01 ® 03 [F p1 @ p2
giay - 02G2 - p1a1 - P2a
o1 FEp1-o2 Ep2
0101 - p1a1 0202 - p2a
o1EpL  o2fFDpe
= 01|p1 ®0-2‘p2' o

o1 ® 03] ai, a

P1@p2

The following result gives the generalisation of Bayes’ rule to the current setting
with states and predicates.

Theorem 9.8 Letw € DA and p,q € 0,14 be a state and two predicates on the
set A.
(i) The product rule holds:

wEp&q
wlp F g mth 9.8)
(ii) Bayes’ rule holds:
wlEp-wiEq
wplEqg = “hFpwia (9.9)

wlEp
Proof Point (ii) follows directly from (i) by using that p & ¢ = ¢ & p, so we
concentrate on (i).

wa - pa

wpEq = aw\pa-qa - qa

@ wEDp
wwa - p & qa
wlEp

_wkp&yg
C wkp
We now relate our state-and-predicate based approach to conditioning to the
traditional one. Recall that for events £/, D C A one has, by definition:
PrEND
PrD

If these probabilities Pr- are computed wrt. a distribution w € DA, we can continue
as follows.

O

PrE| D =

PrEND wlE1lgp wlE1lp&lp ©8)

PrE| D = = = =1g.
= PrD wkE1p wi=1p “hp s

Thus the probability PrE | D can be expressed in our framework as the validity
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of the sharp predicate E in the state updated with the sharp predicate D. This is
precisely the intended meaning.

9.5 Bayesian inference via state/predicate transformation

As mentioned in Section 9.2.4, a channel c: A - B between two sets A, B is a
probabilistic function from A to B. It maps an an element a € A to a state ca € DB
of B. Hence it is an actual function of the form A — D B. Such functions are often
described as conditional probabilities a — Prb | a, or as stochastic matrices. We
repeat that channels are fundamental — more so than states and predicates — since
a state w € DA can be identified with a channel w: 1 <> A for the singleton set
1 = {0}. Similarly, a predicate p € 0, 14 can be identified with a channel p: A <> 2,
where 2 = {0, 1}; this uses that D2 = 0, 1.

Channels are used for probabilistic state transformation > and predicate transfor-
mation <, in the following manner.

Definition 9.9 Let c: A > B be a channel, with a state w € DA on its domain A
and a predicate ¢ € 0, 17 on its codomain B.
(i) State transformation yields a state ¢ > w on B defined by:

(e>w)b = eaa cab. (9.10)

(ii) Predicate transformation gives a predicate ¢ < g on A defined by:
= b-qb.
(c<q)a pep €04 9.11)

The next example illustrates how state and predicate transformation can be used
systematically to reason about probabilistic questions.

Example 9.10 In a medical context we distinguish patients with low (L), medium
(M), and high (H) blood pressure. We thus use as ‘blood’ sample space B =
{L, M, H}, say with initial (‘prior’ or ‘base rate’) distribution 5 € DB:

We consider a particular disease, whose a priori occurrence in the population depends
on the blood pressure, as given by the following table.
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blood pressure disease likelihood

Low 5%
Medium 10%
High 15%

We choose as sample space for the disease D = {d,d"} where the element d
represents presence of the disease and d- represents absence. The above table is
now naturally described as a ‘sickness’ channel s: B <> D, given by:

sL = 0.05|d) +0.95|d")
sM = 0.1|d) +0.9|d*)
sH = 0.15|d) +0.85|d").

We ask ourselves two basic questions.

(i) What is the a priori probability of the disease? The answer to this question
is obtained by state transformation, namely by transforming the blood pressure
distribution 5 on B to a disease distribution s > § on D along the sickness
channel s. Concretely:

(s> pd ©10 zeB Bx - sxd
_ BL.sLd+AM-sMd+BH - sHd
-

= BL-sLd-+BM -sMd*- + pH - sHd*

_ 119,19 .3 17
= 82072 1078
-
= 30

Thus we obtain as a priori disease distribution ¢ > 8 = &|d) + &|d*) =
0.1125|d) + 0.8875|d" ). A bit more than 11% of the population has the disease
at hand.

(ii) What is the likely blood pressure for people without the disease? Before
we calculate the updated (‘a posteriori’) blood pressure distribution, we reason
intuitively. Since non-occurrence of the disease is most likely for people with
low blood pressure, we expect that the updated blood pressure — after taking the
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evidence ‘absence of disease’ into account — will have a higher probability of low
blood pressure than the orignal (a priori) value of é in 3.

The evidence that we have is the point predicate 1 ;1 on D, representing absence
of the disease. In order to update 8 € DB we first apply predicate transformation
s < 1,41 to obtain a predicate on B. This transformed predicate in 0,17 is
computed as follows.

(s <1l ®2" yepsLy 1,y = sLdt = 0.95
(s<1uM OLb yep sMy -1,y = sMd+ = 0.9

(s <1 H 2V cpsHy 1,0y = sHd* = 0.85.

Notice that although 1 ;.1 is a sharp predicate, the transformed predicate s < 1,1
is not sharp. This shows that sharp predicates are not closed under predicate
transformation — as mentioned earlier in Section 9.2.5.

We can now update the original blood pressure distribution 5 with the trans-
formed evicence s < 1,1 . We first compute validity, and then perform condition-
ing:

9.4
I} ‘: s 11 O zeBfr-s K1
= fL-s<1uL
+ ﬁ M- -s<1 dLM

+BH-s< 10 H
1.19,1.9 ,3 17
§'20T2°1078 20
71
80 5 |

(CX)) r-s<L 1l
Blacr, = o= %)
d reEB 6‘—S<<1dL

8- 1%0 - 910 %
= ——|L M
1D+ M) +

= 142|L> + 71|M> + 142|H>
~ 0.134|L) +0.507| M) + 0.359| H ).

)

As intuitively expected, a posteriori the probability of low blood pressure is higher
than in the a priori distribution 5 — and the probability of high blood pressure is
lower too.
These calculations with probabilities are relatively easy but may grow out of hand
quickly. Therefore a library has been developed, called EFProB see Cho and Jacobs
(2017), that provides the relevant functions, for validity, state update, state and
predicate transformation, etc.
It is natural to see a state 3 and a channel s, as used above, as stochastic matrices
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Mg and Mj, of the form:

X
0.05 0.1 0.15
Mﬂ = 1%) Ms =
0.95 0.9 0.85

These matrices are called stochastic because the columns add up to 1. The matrix
of the state s > (3 is then obtained by matrix multiplication M M. For predicate

transformation s < 1,1 with M 1, = (0 1) one uses matrix multiplication in a
different order:

My, M, = (0 1) (ggz 2; 2;2) = (0.95 0.9 0.85).

The diligent reader may have noticed in this example that the probability s >
Bdt = s> B E 1y = g—é in Example 9.10 coincides with the probability
blEs< 1y = g—é. This in fact in an instance of the following general result,
relating validity and transformations.

Proposition 9.11 Let ¢: A <> B be a channel, w € DA be a state on its domain,
and q € 0,17 a predicate on its codomain. Then:

c>wEq = wEeKg. (9.12)
Proof The result follows from a simple calculation:
9.4
c>wlEq O
9.10)

c> wb-qgb
beB

( wa - cab) -qb
beB \a€A

= wa - cab - qb
a€A,beB

= wa - ( cab - qb)
acA beB
©.11)
B ac

04
= wkekyg. i

Awa-c<<qa

There are two more operations on channels that we need to consider, namely
sequential composition o and parallel composition ®.

Definition 9.12 Consider channels f: A - B,g: C - Dand h: X - Y. These
channels can be composed sequentially and in parallel, yielding new channels:

gof:A-=C and f®h: AXx X = BXY,
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via the following definitions.
ge fa = g> fa sothat gofacszfab-gbc.
€

The latter formula shows that channel composition is essentially matrix multiplica-
tion.
Next,
f®ha,r = fa® hx so that
f®ha,zb,y = fab- hzy.
The product ® on the right of := is the product of states, as described in (9.2).

In terms of matrices, parallel composition of channels is given by the Kronecker
product.

It is not hard to see that o and ® are well-behaved operations, satisfying for
instance:

(9@k)o(feh) = (g0f) @ (koh).

They interact nicely with state and predicate transformation:

(gef>w=g>(f>w

(gef<qg=f<(9<q
(foh>oc@7=(f>0)®(h>T)
(feh<peq=(f<p ®(9<q).

Moreover, for the identity channel id given by idx = 1| ) we have:
idef =f=foid id®id = id.

We will see examples of parallel composition of channels in Section 9.7 when we
discuss (the semantics of) Bayesian networks.

Remark 9.13 An ordinary function f: A — B can be turned into a ‘deterministic’
channel < f>: A -+ B via:

<fra = 1| fa). (9.13)

This operation <-> sends function composition to channel composition: <g o f> =
<g>o<f>. Therandom variable X : QQ — A that we used in Section 9.2.3 is an example
of such a deterministic channel. Formally, we should now write X ~'a = «X» <« 1,
for the event X ~'a on Q.

There are some further special cases of deterministic channels that we mention
explicitly.
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(i) For two sets A, Ao we can form the cartesian product A; x As with its two
projection functions my: Ay X As — Aj and my: Ay X Ay — As. They can
be turned into (deterministic) channels <m;>: A7 x Ay <+ A;. One can then
see that marginalisation and weakening are state transformation and predicate
transformation along these projection channels:

Wip
Wag

Ty > w = Mjw Ty L p pR1

1®q

<o > w = Mow (MY K q

As a result, equation (9.6) is a special case of (9.12).
Moreover, these projection channels commute with parallel composition ® of
channels, in the sense that:

<o (f@R) = foxmp <> o (f @A) = ho<my

(ii) For each set A there is a diagonal (or ‘copy’) function A: A — A x A with
Aa = a,a. It can be turned into a channel too, as <A»: A -» A x A. However,
this copy channel does not interact well with parallel composition of channels, in
the sense that in general:

Avof £ (f®Ff) oA,

This equation does hold when the channel f is deterministic. Via diagonals we
can relate parallel products ® and conjunctions & of predicates:

M < (p®q) = pkay.

In what follows we often omit the braces <-» around projections and diagonals, and
simply write projection and copy channelsas m;: A; X Ay > A;andA: A - AXA.

9.6 Inference in Bayesian networks

In this section we illustrate how channels can be used both to model Bayesian
networks and to reason about them. We shall use a standard example from the
literature, namely the ‘student’ network from Koller and Friedman (2009). The
graph of the student network is described in original form in Figure 9.1. We see how
a student’s grade depends on the difficulty of a test and the student’s intelligence.
The SAT score only depends on intelligence; whether or not the student gets a strong
(1Y) or weak (1°) recommendation letter depends on the grade.

With each of the five nodes in the network a sample space is associated, namely:
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dO dl iO l'l

06| 04 0.7 ] 03
Intelligence

i%d" | 0.05| 02507
iLd’ {09 |0.08]| 0.02
iLd' o5 |03 |02

|
gllo1 |09
g2104 |06
g31099 | 0.01

Figure 9.1 Picture of the student Bayesian network, copied from Koller and Friedman (2009),
with conditional probability tables.

For the two inital nodes Difficulty (D) and Intelligence (I) we obtain two distribu-
tions/states wp and wy, whose probabilities are given in the two upper tables in
Figure 9.1:

wp = 0.6/d°) +0.4|d") wr = 0.7]i%) +0.3]4it).

They capture the a priori state of affairs, with a 0.4 likelihood of a difficult test (d'),
and a 0.3 likelihood of an intelligent student (i1).

The remaining three nodes Grade (G), Letter (L) and SAT (S) have incoming
arrows from parent nodes, and are thus not initial. They correspond to three channels:

cg: D x 1 -G, cs: I - S, cr: G-» L.

The definitions of these channels can be read directly from the tables. The SAT
channel cg: I -» S and the Letter channel cf,: G <> L are thus of the form:

crgt = 0.1]1°) + 0.9/

csi® = 0.95[s%) +0.05] ') L | 0> | 1>

4 0 . crg® = 041°) +0.6|1")
cgit = 0.2]s”) +0.8]s") 5

0.99]1°) +0.01]1*)

crLg
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The Grade channel ¢ : D X I > GG looks as follows.

cqd®,i® = 0.3|g') +0.4|¢%) +0.3]g%)
cqd®, it = 0.9|g') +0.08|g?) +0.02| g*)
cad',i% = 0.05/g) +0.25|¢g2) + 0.7/ ¢%)
cedt,it = 0.5/g') +0.3|¢g%) +0.2| ¢)

(Notice that we switched the order of 7 and d wrt. the tables in Figure 9.1; we
have done so in order to remain consistent with the order of the inputs D and [
as suggested in the network in Figure 9.1. This is actually a subtle issue, because
usually in graphs there is no order on the parents of a node, that is, the parents form
a set and not a [ist.)

We now discuss a number of inference questions from Koller and Friedman (2009)
and illustrate how they are answered systematically using our perspective with states,
predicates and channels.

(i) What are the a priori probabilities for the recommendation? To answer this
question we follow the graph in Figure 9.1 and see that the answer is given by
twice using state transformation, namely:

0.498|19) + 0.502|11), or, equivalently,

(crecg) > wp @ wr.

cr > (CG >>wD®wI)

(ii) What if we know that the student is not intelligent? The non-intelligence
translates into the point predicate 1,0 on the set /, which we use to update the
intelligence state w; before doing the same state transformations:

e > (cg > wp @wilr,) = 0.611]1%) +0.389[11).

(iii) What if we additionally know that the test is easy? The easiness evidence
translates into the predicate 1,4 on D, which is used for updating the difficulty
state:

cr, > (ca > wpl1, ®wrli,)
0.487|1°) +0.513|1')

(cLeca) > (wp ®w1!1d0®1i0)~

The previous two outcomes are obtained by what is called ‘causal reasoning’
or ‘prediction’ or ‘forward inference’, see the table at the end of Section 9.2.3.
We continue with ‘backward inference’, also called ‘evidential reasoning’ or
‘explanation’.
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(iv) What is the intelligence given a C-grade (¢®)? The evidence predicate 1 g
is a predicate on the set G. We like to learn about the revised intelligence. This is
done as follows. Via predicate transformation we obtain a predicate ¢ < 1,43 on
D x I. We can use it to update the product state wp ® wy. We then get the update
intelligence by taking the second marginal, as in:

Mz (wp @ wrlo,eq ,) = 0.921]3°) +0.0789]i").
g9

We see that the new intelligence (i') is significantly lower than the a priori value
of 0.3, once a low grade is observed. The updated difficulty (d') probability is
higher than the original 0.4; it is obtained by taking the first marginal:

Mi(wp @ wilegea ;) = 0.371|d%) + 0.629|d" ).

(v) What is the intelligence given a weak recommendation? We now have a
point predicate 1,0 on the set L. Hence we have to do predicate transformation
twice, along the channels ¢y, and cg, in order to reach the initial states. This is
done as:

Ma(wp ® wilepeep<1,) = 0-86[i°) +0.14]i'),  or, equivalently,

Mz(wD & w[\cLocG<<1lo)‘

(vi) What is the intelligence given a C-grade but a high SAT score? We now
have two forms of evidence, namely the point predicate 1,3 on G for the C-grade,
and the point predicate 1,1 on S for the high SAT score. We can transform the
latter to a predicate cg < 1,1 on the set I and update the state w; with it. Then
we can procede as in question (iv):

Mz (wp & wiles < legect y) = 0.422i%) + 0.578}i').

Thus the probability of high intelligence is 57.8% under these circumstances.

Using earlier calculation rules, see notably in Lemma 9.7, this intelligence
distribution can also be computed by weakening the predicate cg < 1,1 to
Wacs < 1,1 on D x I. Then we can take the conjunction with cg < 1,5 and
perform a single update, as in:

My (wD & wI|V\|QCS<<151&cG<<1g3)

But one can also do the update with cs < 1, at the very end, after the
marginalisation, as in:

Mg (wp ® wI|CG<<1gg)|cS<<1S1
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The associated difficulty level is the first marginal:
M (wp ® wr1 |CG<<193) = 0.24|d°) +0.76|d").

The answers to the above questions hopefully convey the systematic thinking that is
behind the use of channels — in forward or backward manner, following the network
structure — in order to capture the essence of Bayesian networks. This systematics is
elaborated further in subsequent sections. In the above ‘student” example we have
obtained the same outcomes as in traditional approaches. We conclude with an
illustration where things differ.

Example 9.14 The power of the channel-based approach is that it provides a ‘logic’
for Bayesian inference, giving high-level expressions ¢ > w/, and w| .« for forward
and backward inference. We include an illustration from Barber (2012) where our
method produces a different outcome. The logical description may help to clarify
the differences.

Consider the following Bayesian network, with nodes for burglary (B), earthquake
(FE), alarm (A) and radio (R).

0.01 0.000001

B E PrA
b e 0.9999 E PrR

b= e 0.99 et 0
b+ e* 0.0001

PrB PrE

In this case we have binary sets B = {b,b*}, E = {e,e*}, A = {a,a*} and
R = {r,r*} with initial states wp = 0.01|b) + 0.99|b* ) and wg = 0.000001|e) +
0.999999| e* ). There are two channels c4: B x E <> Aand cg: E > R based on
the above (two lower) tables. The predicted (a priori) alarm probability is 1%; it is
computed as c4 > wp @ wg = 0.01|a) +0.99|a™).
The following questions are asked in Barber (2012, Example 3.1 and 3.2).
(i) What is the probability of a burglary given that the alarm sounds? In this
case we have evidence 1, on the set A, we pull it back to B x F along the channel
ca, and we update the joint state wp ® wg and take the first marginal:

Mi(wp ® wEl,, «1,) = 0.99000198|b) +0.00999802|b* ).
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(i) What is this probability if we additionally hear a warning on the radio? In

that case we have additional evidence 1, on R, which is pulled back along the
channel cgr and used to update the state wg. Then:

M1 (wp ® Welepet, |, «1,) = 0.010099|b) +0.989901|b*).

(iii) ... ‘imagine that we are only 70% sure we heard the burglar alarm sound-

ing” In this situation we have a fuzzy predicate q: A — 0,1 with ga = 0.7 and
ga* = 0.3. We perform the same computation as in question (i), but now with
evidence ¢ instead of 1,. This yields:

Mi(wp ® wEl., «,) = 0.0229]b) +0.9771]b" ). (9.14)

However, in Barber (2012) a completely different computation is performed,
following Jeffrey’s rule. The assumption about the alarm is not interpreted as
a predicate, but as a state o = 0.7]|a) + 0.3|a" ). The result is computed via a
corresponding convex combination of states:

0.7 - (update with evidence a) + 0.3 - (update with evidence a*)
0.7 - Ml(wB ® WE|CA<<1a) + 0.3- Ml(wB X wE|CA<<1aJ_) (9.15)
0.693(b) + 0.307|b4).

For questions (i) and (ii) our calculations coincide with the ones in Barber (2012),
but for question (iii) the answers clearly differ. We briefly analyse the situation. For
a more extensive analysis in terms of Jeffrey’s rule versus Pearl’s for updating with
soft/fuzzy evidence we refer to Jacobs (2019).

The above computation (9.14) and the one (9.15) from Barber (2012) are based
on different ways of understanding what soft evidence actually means. In Barber
(2012) this notion, even though it is not made mathematically precise, appears to
have an ontological interpretation: “the alarm was heard” is a new state of affairs,
with 70% alarm probability, and is therefor used as a state (distribution). On the
other hand, our fuzzy predicate interpretation has an epistemological flavour: it is
new information about an agent’s belief.

In line with the previous point, different intuitive descriptions are developed
in Jacobs (2019): the approach in (9.14) factors the soft evidence in, as improve-
ment, using Bayesian rules. The approach (9.15) interpretes the soft evidence as a
‘surprising’ state of affairs, that one has to adjust to — as correction — following
Jeffrey’s rule.

The above formulation, quoted from Barber (2012), does not seem to suggest
that the 70% certainty is a new, surprising state of affairs that we have to adjust to.
Instead, it seems to be more like an improvement, so that the calculation (9.14)
seems most appropriate.
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We shall briefly return to these different was of computation in Example 9.17 where
we show that the outcome in (9.14) also appears via ‘crossover inference’.

9.7 String diagrams for Bayesian probability

Abstractly, channels are arrows of a category, which is symmetric monoidal: it
has sequential o and parallel ® composition. This categorical structure enables
the use of a graphical (yet completely formal) notation for channels in terms
of string diagrams (Selinger, 2011). We have no intention of giving a complete
account of the string diagrammatic calculus here, and refer instead to Fong (2012),
Jacobs and Zanasi (2016, Sec. 3), and Jacobs et al. (2019, Sec. 3) for details.
Nonetheless, it is worthwhile pointing similarities and differences between the
graphical representation of channels as string diagrams and the usual Bayesian
network notation, see also Jacobs et al. (2019). We shall also use string diagrams
to give a pictorial account of the important notion of disintegration (in the next
section).

Informally speaking, string diagrams for channels are similar to the kind of graphs
that is used for Bayesian networks, see Figure 9.1, but there are important differences.
(i) Whereas flow in Bayesian networks is top-down, we will adopt the convention

that in string diagrams the flow is bottom-up. This is an non-essential, but useful

difference, because it makes immediately clear in the current context whether we
are dealing with a Bayesian network or with a string diagram. Also, it makes our

presentation uniform with previous work, see e.g. Cho and Jacobs (2019).

(ii) The category where channels are arrows has extra structure, which allows for the
use of “special” string diagrams representing certain elementary operations. We
will have explicit string diagrams for copying and discarding variables, namely:

copy = H/ and discard = %

There are some ‘obvious’ equations between diagrams involving such copy and
discard, such as:

These equations represent the fact that copy is the multiplication and discard is
the unit of a commutative monoid.
(iii) With string diagrams one can clearly express joint states, on product domains

like X7 x X, or X7 X --- x X,,. This is done by using multiple outgoing pins,
coming out of a triangle shape — used for states — as for w € DX; x X3 and
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Difficulty Intelligence

Figure 9.2 Student network from Figure 9.1 expressed as string diagram. Note that the two
arrows coming out of Intelligence in Figure 9.1 are translated here into a single wire coming out
the Intelligence state, followed by a copy.

c€eDX| x---x X, in:

X1 Xa X1 o [ Xp

With this notation in place we can graphically express the marginals via discarding
T of wires:

Xq| - | Xo
Miw = and Mow =

(iv) Channels are causal or unitary in the sense that discarding their output is the
same as discarding their input:

The Intelligence node in Figure 9.1 has two outgoing arrows, but this does not
mean that Intelligence is a joint state. Instead, these two arrows indicate that the
outgoing wire should be copied, with one copy going to the Grade node and one to
the SAT node. In string diagram notation this copying is written explicitly as in the
string-diagrammatic analogue of the student network in Figure 9.2.

Recall that we wrote wp = 0.6/d") + 0.4|d' ) and w; = 0.7|i%) + 0.3|i!) for the
initial states of the student network. The product state

wp @wy = 0.42[d°,i%) +0.18|d", i') + 0.28|d*,i") + 0.12|d*, ')

is non-entwined, since it equals the product of its marginals wp and wy. A basic
fact in probability is that conditioning can create entwinedness, see e.g. Jacobs and
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Zanasi (2017) for more information. We can see this concretely when the above
product state wp ® wy is conditioned as in the fourth question in the previous section:

wp ® wI‘CG<<1g3

= i8] 4% 1) + gagag A%, it) + gagggld, i) + Fgggld'y ).

With some effort one can show that this state is not the product of its marginals: it
is entwined. In the language of string diagrams we can express this difference by
writing:

wp ®Quwr = %7%7 wD®wI\CG<<1g3 = %

9.8 From joint states to Bayesian networks

Our framework allows to express states/distributions and Bayesian networks as
entities of the same kind, namely as channels. It is natural to ask how the process of
forming a Bayesian network from a distribution can be integrated in the picture.

In traditional probability theory, this procedure forms one of the original motiva-
tions for developing the notion of Bayesian network in the first place. Such networks
allow for more efficient representation of probabilistic information (via probability
tables, as in Figure 9.1) than joint states, which quickly become unmanageable via an
exponential explosion. We quote from Koller and Friedman (2009): “. . . the explicit
representation of the joint distribution is unmanageable from every perspective.
Computationally, it is very expensive to manipulate and generally too large to store
in memory” and from Russell and Norvig (2003): “. .. a Bayesian network can often
be far more compact than the full joint distribution”.

The procedure of forming a Bayesian network from a given state usually goes
through a sub-routine called disintegration. For a channel-based definition of
disintegration, suppose we have a state w € DX and a channel ¢: X -+ Y. Then we
can form a joint state 0 € DX X Y as described by the following string diagram:

@ = that is or,Yy = WT - cry. (9.16)

N\

The state w is determined as the first marginal w = M;o of ¢. This can be seen by
discarding T the second wire — on the left and on the right in the above equation
— and using that channels are causal, and that discarding one wire of a copy is the
identity wire.

Disintegration is the process in the other direction, from a joint state to a channel.
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Definition 9.15 Let 0 € DX X Y be a joint state. A disintegration of o is a
channel c: X -» Y for which the equation (9.16) holds, where w = M 0.

There is a standard formula for disintegration of a state ¢ € DX X Y, namely:

or,y

cr = M2(0|1$®1) = ly). (9.17)

vy Miox

We shall say that the channel c is ‘extracted’ from o, or also that o ‘factorises’ via c
as in (9.16). Intuitively, channel c captures the conditional probabilities expressed in
traditional notation as Pr,y | 2 via a distribution on Y indexed by elements x € X.

Definition 9.15 gives the basic form of disintegration. There are several variations,
which are explored in Cho and Jacobs (2019) as part of a more abstract account of
this notion. For instance, by swapping the domains one can also extract a channel
Y - X, in the other direction. Also, if o is a joint state on n domains, there
are in principle 2" ways of extracting a channel, depending on which pins are
marginalised out, and which (other) ones are reconstructed via the channel. For
instance, a disintegration of w € DX XY X Z canalso be achannelc: Z -+ X x Y.
This example suggests a digression on a channel-based definition of conditional
independence: X and Y are conditionally independent in w given Z, written as
XY | Z, if any such disintegration ¢ for w can actually be decomposed into
channels c¢;: Z > X and ¢3: Z -+ Y. In string diagrams:

X Y Z

X Y
o _ 018)
v v

where w3 = Msw = Pr,z is the third marginal. These channels c;, co may also be
obtained by disintegration from the state M1 ow = Pr,,x, y obtained by marginalising
out the third variable. In more traditional notation, one can intuitively read (9.18)
as saying that Pr,z,y,z = Pryx | z - Pryy | z - Pry,z. We refer to Cho and
Jacobs (2019) for the adequacy of this definition of conditional independence and
its properties.

Z

Another interesting observation is that disintegration forms a modular procedure.
The formula (9.16) shows that disintegration yields a new decomposition of a given
state: such a decomposition being a state itself, disintegration may be applied again.
In fact, this repeated application is how a joint state on multiple domains gets
represented as a Bayesian network. The channel-based approach understands this
process uniformly as a step-by-step transformation of a given channel (a state) into
another, equivalent channel (a Bayesian network). Once again, string diagrams are a
useful formalism for visualising such correspondence. For instance, the joint state
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Difficulty Intelligence

Figure 9.3 The joint distribution (9.19) for the student network from Figure 9.1 obtained as
string diagram with additional copiers for non-final nodes.

associated with the Student network from Figures 9.1 and 9.2 can be expressed as in
Figure 9.3. Notice that the diagram in Figure 9.3 is just the one in Figure 9.2 where
each non-final node has been made externally accessible via additional copiers Y.
Figure 9.3 has the type of a joint state. Its value can then be calculated via state
transformation, via a composite channel that can be “read off” directly from the
graph in Figure 9.3, namely:

joint
= (IdRid®c,®id®id 0 IdRA®Id®cs 0 iId®@ca @A 0 AQA) (9.19)
> (wD®w1).

The tool EFProB, see Cho and Jacobs (2017), has been designed precisely to evaluate
such systematic expressions.

Now that we have a formal description of the relationship between joint states and
Bayesian networks, we turn to comparing Bayesian inference in these two settings.
For reasons of simplicity, we concentrate on the binary case. Suppose we have a joint
state 0 € DX x Y, now with evidence on X. In the present setting this evidence
can be an arbitrary predicate p € 0, 1% and not only a point predicate 1, as usual.
We like to find out the distribution on Y, given the evidence p. Informally, this may
be written as PrY” | p. More precisely, it is the second marginal of the state obtained
by updating with the weakened version Wip = p ® 1, as in:

M2(O—‘V\|1p)'

Now suppose we have factorised the joint state o as a (mini) network (9.16) via
the extracted state c: X —» Y. We can also perfom causal reasoning — i.e. forward
inference — and obtain the state:

c>wl|,  where w = Myo.
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The Bayesian inference theorem says that these outcomes are the same, not only for
forward reasoning, but also for backward reasoning.

Theorem 9.16 Leto € DX XY be a joint state with extracted channel c: X -»'Y
as in (9.16). For predicates p € 0,1~ and q € 0,1Y one has:

Ma(o|w,,) = ¢> (Miol,) and  Mi(o|p,,) = Mio|.,.

Before giving a proof, we comment on the significance of the statement. Inference
with joint states, as on the left-hand-side of the equations in Theorem 9.16, involves
weakening N of evidence in one coordinate and marginalisation M in another
coordinate. It uses the entwinedness of the joint state o, so that one coordinate can
influence the other, see Jacobs and Zanasi (2017) where this is called crossover
influence. Therefor we like to call this form of inference via joint states crossover
inference.

In contrast, inference on the right-hand-side of the equations in Theorem 9.16
essentially uses state and predicate transformation > and <. Therefor we refer to
this form of inference as transformer inference. It consists of what we have called
backward and forward inference in the table at the end of Section 9.2.3.

Thus the Bayesian inference theorem states the equivalence of crossover inference
and transformer inference. Whereas crossover inference works well with small
samples (see the examples below), it does not scale to larger networks, where
transformations inference is preferable. The equivalence is widely known at some
implicit level, but its formulation in this explicit form only arises within the current
channel-based perspective on Bayesian networks.

We now provide a proof of the theorem. A purely diagrammatic argument is given
in Cho and Jacobs (2019).

Proof of Theorem 9.16 We confine ourselves to proving the first equation in con-
crete form, using the definition of extracted channel from (9.17):

(> Miol,)y
= cxy Moz
x
©.17 0T,y Miox - px

T Mlaqj |\/|10 ]zp

06 oLy pr
ox,y - Wipz, .
ILY TP Y Gnce Wipz,y =p® lz,y = pz
z o= Wp

m0-|V\|1px’ y

M2(0|W1p)y. O
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We conclude this section by giving two demonstrations of the equivalence stated
in Theorem 9.16. First, we answer once again the six questions about the student
network in Section 9.6: whereas therein we applied transformer inference, we now
compute using crossover inference. We shall write:

joint € D(DxGxLxIxS)

for the joint state associated with the student network, obtained in formula (9.19),
following Figure 9.3. We write M; for the ¢-th marginal, obtained by summing out all
domains which are not in the i-th position. For the sake of clarity we do not use the
notation I for weakening, but use parallel product with the truth predicate 1 instead.
In agreement with Theorem 9.16, the outcomes are the same as in Section 9.6, but
they have been computed separately (in EFProB).

(i) What are the a priori probabilities for the recommendation?

Msjoint = 0.498|1°) + 0.502|11).

(ii) What if we know that the student is not intelligent?

Ms (joint|yg10101 001) = 0-611]1%) +0.389]1").
(iii) What if we additionally know that the test is easy?

Ms(joint|y | g10101,001) = 0-487|1%) +0.5131).
(iv) What is the intelligence given a C-grade (¢>)?

M4(joint|1®1g3®1®1®1) = 0.921]i%) +0.0789] i' ).
(v) What is the intelligence given a weak recommendation?

M (ointly 101 00101) = 0-86]i%) +0.14[4").

(vi) What is the intelligence given a C-grade but a high SAT score?

M4(joint|1®1g3®1®1®lsl) = 0.422[i%) + 0.578]4').

As a second demonstration of the theorem, we briefly return to the controversy
around inference with soft predicates in Example 9.14.

Example 9.17 We first re-arrange the Bayesian network from Example 9.14 in
string diagrammatic form so that we can compute the joint statew € DBX AX ExX R
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as:

w= ([d®id ® cp ®id

w = ie. eid ®cy ®A

wp WE °c AR A) > wp Qug.

Recall that we have soft/fuzzy evidence ga = 0.7,qga* = 0.3 on A. Given this
evidence, we want to know the burglar probability. Using crossover inference it is
computed as:

M1 (@)1 gqz101) = 0-0229]b) +0.9771]b* ).

We obtain the same outcome as via transformer inference in (9.14). Of course, the
Bayesian Inference Theorem 9.16 tells that the outcomes should coincide in general.
This additional computation just provides further support for the appropriateness of
doing inference via forward and backward transformations along channels.

9.9 Conclusions

This chapter provides an introduction to an emerging area of channel-based probabil-
ity theory. It uses standard compositional techniques from programming semantics
in the area of Bayesian inference, giving a conceptual connection between forward
and backward inference (or: causal and evidential reasoning) on the one hand, and
crossover influence on the other.

Promising research directions within this framework include the development of
channel-based algorithms for Bayesian reasoning, see Jacobs (2018a). Moreover,
the abstract perspective offered by the channel approach may apply to probabilistic
graphical models other than Bayesian networks, including models for machine
learning such as neural networks (see Jacobs and Sprunger, 2019 for first steps).
Paired with the mathematical language of string diagrams, this framework may
eventually offer a unifying compositional perspective on the many different pictorial
notations for probabilistic reasoning.
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